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. Riemann $\xi(s)$ , $\xi(s)$
. , $\xi(s)$
$\xi(s)=\xi(1-s)$ (1.1)
. Riemann , $\xi(s)$ $($ 1. 1 $)$ $\Re(s)=1/2$





. , $A(s)$ $\Re(s)=1/2$





$|E(s)|>|E(1-s)|$ for $\Re(s)>1/2$ (1.3)
, $A(s)=\cos(i(s-1/2))$ $\Re(s)=1/2$ .
, $E(s)$ , (1.3) ,
$\xi(s)=\frac{1}{2}(E(s)+E(1-s))$ (1.4)
, $\xi(s)$ $\Re(s)=1/2$ .
, $E(s)$ , $\xi(s)$
.
, $\xi(s)$ $\xi_{\alpha}(s;r)$ , $\xi(s)$ Riemann
$E(s)$ ( ) .
1 .
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2.
$\phi(x)$
$\phi(x)=\frac{d}{dx}(x^{2}\frac{d}{dx}\theta(x^{2}))=4\sum_{n=1}^{\infty}(2\pi^{2}n^{4}x^{4}-3\pi n^{2}x^{2})e^{-\pi n^{2}x^{2}}$ (2.1)
. $\theta(x)$ :
$\theta(x)=\sum_{n\in Z}\exp(-\pi n^{2}x)$ .
, $s\in \mathbb{C}$ , $\xi(s)$ $\phi(x)$
$\xi(s)=\int_{0}^{\infty}\phi(x)x^{s}\frac{dx}{x}$
.
1. $\alpha$ , $(s,$ $r)$ $\xi_{\alpha}(s;r)$ :
$\xi_{\alpha}(s;r)=\int_{0}^{\infty}\phi(x)(\frac{x^{\alpha/2}+x^{-\alpha/2}}{2})^{-r}x^{s}\frac{dx}{x}$ .
$\alpha$ (weight), $r$ (level) 2.
$\phi(x)$ $xarrow 0,$ $\infty$ , $\mathbb{C}^{2}$
, $(s, r)$ .
$\xi(s)=\xi_{\alpha}(s;0)=\xi_{0}(s;r)$
, $r$ $\alpha$
$\xi_{\alpha}(s;0)=\lim_{rarrow 0}\xi_{\alpha}(s;r)$ , $\xi_{0}(s;r)=\lim_{\alphaarrow 0}\xi_{\alpha}(s;r)$
, $\xi_{\alpha}(s;r)$ $\xi(s)$
. $\xi_{\alpha}(s;r)$ .
1 (Theorem A of $[4|)$ . $\alpha$ , $\xi_{\alpha}(s;r)$ .
(1) $(s, r)$ .
(2) $(s, r)\in \mathbb{C}^{2}$ , :
$\xi_{\alpha}(s;r)=\xi_{\alpha}(1-s;r)$ . (2.2)
(3) $r$ , :
$\xi_{\alpha}(s;r)=\overline{\xi_{\alpha}(\overline{s};r)}$ .
(4) $(s,$ $r)\in \mathbb{C}^{2}$ , :





. $R=|s|+(|\alpha|/2)|r|+1$ . , $\xi_{\alpha}(s;r)$
1 .
, $\xi_{\alpha}(s;r)$ $\alpha\mapsto-\alpha$ ,
$\alpha$ .
3. $0$
$0$ , $\xi(s)=\xi_{\alpha}(s;0)$ , .
$\alpha$ ,
$E_{\alpha}(s):=\xi_{\alpha}(s+\alpha/2;1)$
. $E_{\alpha}(s)$ , (2.2)
$E_{\alpha}(1-\alpha-s)=E_{\alpha}(s)$ (3.1)
. , $E_{\alpha}(s)$ Riemann , $\Re(s)=(1-\alpha)/2$
. , (2.2) ,
$\xi_{\alpha}(s-\alpha/2;1)=\xi_{\alpha}((1-s)+\alpha/2;1)=E_{\alpha}(1-s)$
, $r=0$ (2.3) $A(s)=\xi(s),$ $E(s)=E_{\alpha}(s)$
(1.2) ( (1.4)) . , $E_{\alpha}(s)$ (14)
1 . $E_{\alpha}(s)$ (13) $\alpha$
. .
2 (Theorem $C$ of $\lceil 4]$ for $r^{-}=0$ ). $\alpha$ , $E_{\alpha}(s)$
$\Re(s)\geq 1/2$ . , $E_{\alpha}(s)$ (1.3) .
, $\alpha$ , $E_{\alpha}(s)$ $\Re(s)\geq 1/2$
, $\xi(s)$ $\Re(s)=1/2$ .
, $\alpha$ , $E_{\alpha}(s)$ Riemann
, $\xi(s)$ Riemann . $\xi(s)$ Riemann
,
$\lim_{\alphaarrow 0}E_{\alpha}(s)=\xi(s)$
, $\alpha$ $0$ , $E_{\alpha}(s)$ $\Re(s)=(1-\alpha)/2$
, . , 2




1 $\xi_{\alpha}(s;1)$ , $0$
$\xi(s)=\xi_{\alpha}(s;0)$ Riemann .
, Riemann
, $\xi_{\alpha}(s;-n)(n\geq 1)$ Riemann
.
3 (Corollary $\underline{)}.4$ of [4]). $\alpha\geq 1$ , $n$ , $\xi_{\alpha}(s;-n)$
Riemann . $\xi(s)$ Riemann ,
$\alpha$ .






$E(s)=\exp(s-1/2)$ , (1.2) $A(s)$ $\cos(i(s-1/2))$
. , $\sin(i(s-1/2))$
$B(s)= \frac{i}{2}(E(s)-E(1-s))$ (5.1)
. , $E(s)$ , (1.2)
$A(s)$ , (5.1) $B(s)$
([1]). , $A(s),$ $B(s)$
$A(1-s)=A(s)$ , $B(1-s)=-B(s)$






, $\xi_{\overline{\alpha}}(s;0)$ $\xi(s)=\xi_{\alpha}^{+}(s;0)$ .
, 2 , $\xi_{\alpha}^{-}(s;0)$ “ ”
.
126
4 (Theorem $D$ of [4] for $r=0$). $\alpha$ , $E_{\alpha}(s)$
$\Re(s)\geq 1/2$ . , $\xi_{\alpha}^{\pm}(s;0)$
$\Re(s)=1/2$ , . , $\xi_{\alpha}^{+}(s;0)$ $\xi_{\overline{\alpha}}(s;0)$
, $\Re(s)=1/2$ .
1 , $\alpha=2$ $\xi(s)=\xi_{\alpha}^{+}(s;0)$ $\xi_{\alpha}^{-}(s;0)$ $\Re(s)=1/2$
$(\gamma(s)=\pi^{-s/2}\Gamma(s/2))$ .
.
FIGURE 1. $30\leq t\leq 100$ $\xi(1/2+it)|\gamma(1/2+it)|^{-1_{;}}$
$\xi_{2}^{\vee-}(1/2+it;0)|\gamma(1/2+it)|^{-1}$ .
$\sin$ $\cos$ . $\xi(s)$
$\sin$ $\xi^{l}(s)$ . $\xi’(s)$ $\xi_{\alpha}^{-}(s;0)$
, $s\mapsto 1-s$ . , $\xi(s)$ Riemann
, Laguerre $\xi’(s)$ $\Re(s)=1/2$
, $\xi(s)$ , $\xi(s)$ $\xi^{l}(s)$ $\Re(s)=1/2$
. , $\xi^{l}(s)$ $\sin$ .
$\xi_{\alpha}^{-}(s;0)$ $\xi’(s)$ :
$\xi_{\alpha}^{-}(s;0)\sim\frac{i\alpha}{2}\xi’(s)$ $(\alphaarrow 0^{+})$ (5.2)
$\sim$ $\alphaarrow 0^{+}$ 1 . 4
( 2 ) (
127
). 2 , $\alpha=2$ $\xi_{\overline{\alpha}}(s;0)$ $\xi^{l}(s)$ $\Re(s)=1/2$
. $\alpha$ ,
.
FIGURE 2. $30\leq t\leq 100$ $\xi^{l}(1/2+it)|\gamma(1/2+it)|^{-1}$ ,
$\xi_{2}^{-}(1/2+ it; 0)|\gamma\cdot(1/2+it)|^{-1}$ .
6.
2 , $\xi(s)$ .
$D=\{s\in \mathbb{C}|\Re(s)>1/2\}$ , $F(s)$ $F^{\vee}(s)=\overline{F(1-\overline{s})}$
. (1.3) $E(s)$ , de Branges Hilbert $\mathcal{H}(E)$
3. Hilbert $\mathcal{H}(E)$ $F/E$ $F^{\vee}/E$ Hardy $H^{2}(D)$
, $\{\cdot,$ $\cdot\rangle_{E}$
$\langle F,$ $G \rangle_{E}:=\int_{-\infty}^{\infty}\frac{F(1/2+it)\overline{G(1/2+it)}}{|E(1/2+it)|^{2}}dt$ .
Hilbert ([2]).
$\mathcal{D}_{E}=\{F\in \mathcal{H}(E)|i(1/2-s)F(s)\in \mathcal{H}(E)\}$ .
$\mathcal{H}(E)$
$M_{E}:F(s)\mapsto i(1/2-s)F(s)$
3 , (13) IE(S) $|>|E^{\vee}(s)|$ for $\Re(s)>1/2$ Jl .
128
. $(M_{E}, \mathcal{D}_{E})$ , $U(1)$
, (1.2) $A(s)$ ,
$(M_{F_{J}}(A), \mathcal{D}_{E}(A))$ .
$E(s)$ $\Re(s)=1/2$ , $\mathcal{D}_{E}$ $\mathcal{H}(E)$
. , $(\Lambda l_{E}(A), \mathcal{D}_{E}(A))$ ( ) ,
1 , $A(s)$ .
2 , $E_{\alpha}(s)$ (13) , Hilbert $\mathcal{H}(E_{\alpha})$ .
.
5 (Theorem $E$ of [4] for $r=0$). 2 , $\mathcal{D}_{E_{\alpha}}$ $\mathcal{H}(E_{\alpha})$ .
, $\alpha$ $E_{\alpha}(s)$ $\Re(s)\geq 1/2$ ,






$E_{\alpha}(s) \sim\xi(s)+\frac{\alpha}{2}\xi’(s)$ $(\alphaarrow 0+)$ (7.1)
.
$E_{\alpha}^{L}(s):= \xi(s)+\frac{\alpha}{2}\xi’(s)$
. $\alpha=2$ Lagarias [3] , $\xi(s)$ Riemann
. , $\xi(s)$ Riemann ,
, $E_{2}^{L}(s)$ (1.3) , $\Re(s)=1/2$
. $\alpha$ $E_{\alpha}^{L}(s)$
Lagarias [3] (Theorem 1.5 of [5]). $\alpha>0$
$E_{\alpha}(s)$ 2 .
$E_{\alpha}(s)$ $E_{\alpha}^{L}(s)$ , $\xi(s)$
.
2 (Definition 1.2 of [5]).
, $x>0$ $f(x)=(f(x-O)+f(x+O))/2$ ,
2
(1) $f(x)+\overline{f(x^{-1})}=2$ ,





$f\in S$ , $E_{f}(s)$
$\xi(s)=E_{f}(s)+\overline{E_{f}(1-\overline{s})}$
1 ([5, Theorem 1.3]). $f\in$ ,
$E_{f}(s)$ (1.2) . ,
$\mathcal{O}_{\}:=\{E_{f}|f\in$ $\}$
. $\alpha$
$f_{\alpha}(x)= \frac{2x^{\alpha}}{1+x^{\alpha}}$ , $f_{\alpha}^{L}(x)=1+ \frac{\alpha}{2}\log x$
, $f_{\alpha},$ $f_{\alpha}^{L}$ ,
$E_{f_{\alpha}}(s)=E_{\alpha}(s)$ , $E_{f_{\alpha}^{L}}(s)=E_{\alpha}^{L}(s)$
. , $E_{\alpha}(s),$ $E_{\alpha}^{L}(s)$ $\mathcal{O}$ . $\mathcal{O}$ $\xi(s)$
.
6 (Theorem 1.5 of [5]). $\mathcal{O}_{\mathfrak{F}}^{\star}$ , , (1.3)
$E_{f}(s)$ $\mathcal{O}_{S}$ . , $\mathcal{O}_{l}^{\star}\neq\emptyset$ , $\xi(s)$
$\Re(s)=1/2$ .
, $\mathcal{O}_{\mathfrak{F}},$ $\mathcal{O}_{\text{ }}^{*}$ , $\xi(s)$
. $E_{f}\in \mathcal{O}_{\text{ }}$ (1.3)
.
7 (Theorem 1.6 of [5]). Ef $\in \mathcal{O}$ , :
(i) $E_{f}(s)$ $\sigma$0 $<\Re(s)-1/2<0$ ,
(ii) $C_{1}>0$ , $T\geq 1$ $E_{f}(s)$
$N(T)$ , :
$N(T)\leq C_{1}T\log T$ ,
(iii) $C_{2}$ , :
$\lim_{\sigmaarrow+\infty}\frac{E_{f}(1-\sigma)}{E_{f}(\sigma)}=C_{2}$ .
$E_{f}(s)$ (1.3) . $|C_{2}|\leq 1$ .
, , $E_{f}(s)$ (1.3) ,
$E_{f}(s)$ $\Re(s)<1/2$ . $\mathcal{O}_{\text{ },0}$
7 $E_{f}(s)$ $\mathcal{O}_{\text{ }}$ . 7 $0_{s,0}$
$\mathcal{O}_{\text{ }}^{*}$ , .







$\xi_{\alpha}(s;r)$ . $0$ $(r=0)$ ,
(r: ) , $r$ , $\xi_{\alpha}(s;r)$
.
$\xi_{\alpha}(s;r)$ , , .
1 (Proposition 2.7 of [4]). $\alpha$ , $r$ , $n$ .
$\xi_{\alpha}(s;r)=2^{-n}\sum_{j=0}^{n}(\begin{array}{l}nj\end{array})\xi_{\alpha}(s-\frac{\alpha n}{2}+\alpha j;r+n)$ .
, $\xi_{\alpha}(s;r)$ , . ,
.
2 (Proposition 2.8 of $[4$ $)$ . $\alpha,$ $\lambda$ , $r$ .
$\xi_{\alpha}(s;r)=\frac{1}{2\pi i}(\frac{2^{\lambda}}{\alpha})\int_{c-i\infty}^{c+i\infty}\xi_{\alpha}(s-z;r-\lambda)B(\frac{\lambda}{2}+\frac{z}{\alpha},$ $\frac{\lambda}{2}-\frac{z}{\alpha})dz$ .




$(\xi_{\alpha}(s;1)=E_{\alpha}(s-\alpha/2))$ . , 1 $\xi(s)$
$dv/\cosh(\pi v/\alpha)$ .
, $\xi(s)$ $\Re(s)\geq 1$ . $\xi_{\alpha}(s;1)$
, $1\leq\alpha\ll\infty$ , 2
. 2 $\xi_{\alpha}(s;1)$ $\Re(s)\geq(1+\alpha)/2$ , $\xi(s)$
Riemann .
9.
, $\alpha>0$ , $E_{\alpha}(s)$ (14) . $E_{\alpha}(s)$
(3.1) . 2
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